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1 Introduction
A revolution in our understanding of the neutrino sector is underway, driven
by observations that are interpreted in terms of changes in neutrino flavors
as they propagate. Since neutrino oscillations occur only if neutrinos are
massive, these phenomena indicate physics beyond the Standard Model. With
the present evidence for oscillations from atmospheric, solar and accelerator
data, we are already able to begin to make strong inferences about the mass
spectrum and mixings of neutrinos. Theoretical efforts to achieve a synthesis
have produced a variety of models with differing testable consequences. A
combination of particle physics, nuclear physics and astrophysics is needed
for a full determination of the fundamental properties of neutrinos. This
article reviews what has been achieved thus far and the future prospects for
understanding the nature of neutrino masses and mixing.
2 Two-Neutrino Analyses
In a model with two neutrinos, the probability for a given neutrino flavor να
oscillating into νβ in a vacuum is
P (να → νβ) = sin2 2θ sin2 1.27δm
2L
E
, (1)
where θ is the two-neutrino mixing angle, δm2 is the mass-squared difference
of the two mass eigenstates in eV2, L is the distance from the neutrino source
to the detector in kilometers, and E is the neutrino energy in GeV.
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2.1 Atmospheric neutrinos
The atmospheric neutrino experiments determine the ratios
Nµ
N0µ
= α [〈P (νµ → νµ)〉+ r 〈P (νe → νµ〉] , (2)
Ne
N0e
= α
[〈P (νe → νe〉+ r−1 〈P (νµ → νe〉] , (3)
where N0e and N
0
µ are the expected numbers of atmospheric e and µ events,
respectively, in the absence of oscillations, r ≡ N0e
N0
µ
, 〈 〉 indicates an average
over the neutrino spectrum, and α is an overall neutrino flux normaliza-
tion. Atmospheric neutrino data have generally indicated that the expected
number of muons detected is suppressed relative to the expected number of
electrons [1]; this suppression can be explained via neutrino oscillations [2].
The atmospheric data also indicate that Ne/N
0
e is relatively flat with
zenith angle, while Nµ/N
0
µ decreases with increasing zenith angle (i.e., with
longer oscillation distance). Assuming νµ → ντ oscillations, the favored two-
neutrino parameters are [3]
δm2 = 3.5× 10−3 eV2 (1.5–7× 10−3 eV2) , (4)
sin2 2θ = 1.00 (0.80–1.00) ; (5)
the 90% C.L. allowed ranges are given in parentheses. The absolute normal-
ization of the electron data indicates α ≃ 1.18, which is within the theoretical
uncertainties [4]. The flatness versus L of the electron data implies that simple
νµ → νe oscillations are strongly disfavored. Large amplitude (sin2 2θ > 0.2)
νµ → νe oscillations are also excluded by the CHOOZ reactor data [5] for
δm2atm >∼ 10−3 eV2.
It is also possible that atmospheric νµ are oscillating into sterile neutri-
nos. However, measurements of the upgoing zenith angle distribution and π0
production disfavor this possibility [6,7].
2.2 Solar neutrinos
For the 37Cl [8] and 71Ga [9] experiments, the expected number of neutrino
events is
N =
∫
σP (νe → νe)(βφB + φnon−B)dE , (6)
where we allow an arbitrary normalization factor β for the 8B neutrino flux
since its normalization is not certain. For the Kamiokande [10] and Super-
Kamiokande [11] experiments the interaction is νe → νe and the outgoing
electron energy is measured. The number of events per unit of electron energy
is then
dN
dEe
= β
∫ {
dσCC
dE′e
P (νe → νe) + dσNC
dE′e
[1− P (νe → νe)]
}
×G (E′e, Ee)φBdEνdE′e , (7)
where dσCC/dE
′
e (dσNC/dE
′
e) is the charged-current (neutral-current) dif-
ferential cross section for an incident neutrino energy Eν and G(E
′
e, Ee) is
the probability that an electron of energy E′e is measured as having energy
Ee. The neutrino fluxes are taken from the standard solar model (SSM) [12].
If νe oscillates into a sterile neutrino, σNC = 0.
For two-neutrino vacuum oscillations (VO) of νe into either νµ or ντ [13],
the solar data indicate [14,15]
δm2 = 7.5× 10−11 eV2 , (8)
sin2 2θ = 0.91 , (9)
although there are also regions near δm2 = 2.5×10−10, 4.4×10−10, and 6.4×
10−10 eV2 that also give acceptable fits.
For two-neutrino MSW oscillations [16] of νe into either νµ or ντ , there are
three possible solution regions [15]. The small-angle MSW (SAM) solution is
δm2 = 7.5× 10−6 eV2 , (10)
sin2 2θ = 0.01 , (11)
and the large-angle MSW (LAM) solution is
δm2 ∼ 10−5 eV2 , (12)
sin2 2θ = 0.6–0.9 . (13)
There is also a low δm2 MSW (LOW) solution
δm2 ∼ 10−7 eV2 , (14)
sin2 2θ = 0.6–0.9 (15)
although it is less favored. Note that all solutions except for small-angle MSW
have large mixing in the solar sector.
Two-neutrino oscillations of νe into a sterile neutrino are somewhat dis-
favored because sterile neutrinos do not have a NC interaction, which tends
to make oscillation predictions for 37Cl and SuperK similar, contrary to ex-
perimental evidence. Future measurements of NC interactions in the SNO
detector [17] will provide a more thorough test for oscillations of solar νe into
sterile neutrinos.
SuperK and SNO will also provide an improved measurement of the 8B
neutrino spectrum in the near future, which should help distinguish the var-
ious solar scenarios. The Borexino [18] and ICARUS [19] experiments will
provide a measurement of the 7Be neutrinos, and could detect the strong
seasonal dependence that exists for 7Be neutrinos in many VO models [20].
2.3 LSND
There are also indications of neutrino oscillations from the LSND accelerator
experiment [21]. Their data suggest νµ → νe oscillations with two-neutrino
parameters,
0.3 eV2 ≤ δm2 = 0.03 eV
2
(sin2 2θ)0.7
≤ 2.0 eV2 . (16)
Values of δm2 above 10 eV2 are also allowed for sin2 2θ ≃ 0.0025[22]. The
future MiniBooNE experiment [23] is expected to either confirm or refute the
LSND result.
3 Global Analyses
A complete description of all neutrino data requires a model that can explain
all of the oscillation phenomena simultaneously. Since each of the three types
of oscillation evidence (atmospheric, solar, LSND) requires a distinct δm2
scale, and since N neutrinos have only N−1 independent mass-squared differ-
ences, four neutrinos are needed to completely explain all of the data. If one of
the types of neutrino data is ignored, then it is in principle possible to explain
the remaining data with a three-neutrino model. Because the LSND results
have yet to be confirmed by another experiment, three-neutrino models are
generally used in the context of describing the atmospheric and solar data.
3.1 Three neutrinos
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Fig. 1. Two possible patterns of neutrino masses that can explain the atmospheric
and solar anomalies.
If the atmospheric and solar data are to be described by a three-neutrino
model, there are two distinct mass-squared difference scales [compare Eq. (4)
with Eqs. (8), (10), (12) and (14)]. The two possible patterns of three-neutrino
masses are illustrated in Fig. 1. We assume without loss of generality that
|m1| < |m2| < |m3|, and that δm221 ≡ δm2sun and δm231 ≃ δm232 ≡ δm2atm ≫
δm2sun. Then the off-diagonal vacuum oscillation probabilities in a three-
neutrino model are [24]
P (νe → νµ) = 4
∣∣Ue3U∗µ3∣∣2 sin2∆atm − 4 Re{Ue1U∗e2U∗µ1Uµ2} sin2∆sun
−2J sin 2∆sun , (17)
P (νe → ντ ) = 4 |Ue3U∗τ2|2 sin2∆atm − 4 Re {Ue1U∗e2U∗τ1Uτ2} sin2∆sun
+2J sin 2∆sun , (18)
P (νµ → ντ ) = 4 |Uµ3U∗τ3|2 sin2∆atm − 4 Re
{
Uµ1U
∗
µ2U
∗
τ1Uτ2
}
sin2∆sun
−2J sin 2∆sun , (19)
where U is the neutrino mixing matrix (in the basis where the charged-
lepton mass matrix is diagonal), ∆j ≡ 1.27(δm2j/eV2)(L/km)(E/GeV) and
J = Im{Ue2U∗e3U∗µ2Uµ3} is the CP-violating invariant [25]. For a discussion
of CP violating effects in neutrino oscillations see Refs. [26,27,28]
The matrix elements Uαj are the mixing between flavor (α = e, µ, τ) and
the mass (j = 1, 2, 3) eigenstates. The CP-odd term changes sign under rever-
sal of the oscillating flavors, or if neutrinos are replaced by anti-neutrinos. For
either Dirac or Majorana neutrinos we choose the following parametrization
for U to describe neutrino oscillations
U =

 c13c12 c13s12 s13e
−iδ
−c23s12 − s13s23c12eiδ c23c12 − s13s23s12eiδ c13s23
s23s12 − s13c23c12eiδ −s23c12 − s13c23s12eiδ c13c23

 , (20)
where cjk ≡ cos θjk and sjk ≡ sin θjk. For Majorana neutrinos, U contains
two further phase factors, but these do not enter into oscillation phenomena.
For the oscillation of neutrinos in atmospheric and long-baseline experi-
ments with L/E >∼ 102 km/GeV, the ∆sun terms are negligible and the rele-
vant vacuum oscillation probabilities are
P (νe → νµ) = s223 sin2 2θ13 sin2∆atm , (21)
P (νe → ντ ) = c223 sin2 2θ13 sin2∆atm , (22)
P (νµ → ντ ) = c413 sin2 2θ23 sin2∆atm . (23)
The diagonal oscillation probabilities for a given neutrino species can be
found by subtracting all the off-diagonal probabilities involving that species
from unity.
For neutrinos from the sun, L/E ∼ 1010 km/GeV, and the sin2∆atm
terms oscillate very rapidly, averaging to 1/2. Then the observable oscillation
probability in a vacuum is
P (νe → νe) = 1− 1
2
sin2 2θ13 − c413 sin2 2θ12 sin2∆sun . (24)
When θ13 = 0 (i.e., U13 = 0), the oscillations of atmospheric and long-baseline
neutrinos decouple from those of solar neutrinos: at the δm2atm scale, there
are pure νµ → ντ oscillations with amplitude sin2 2θ23, with no admixture of
νe, and at the δm
2
sun scale the νe oscillations are described by a simple two-
neutrino formula with amplitude sin2 2θ12. Then the two-neutrino parameters
for atmospheric and solar oscillations can be adopted directly in the three-
neutrino case.
If θ13 6= 0, then νe will participate in atmospheric and long-baseline os-
cillations. As discussed earlier, pure νµ → νe oscillations at the δm2atm scale
are strongly disfavored by the atmospheric data, but some small amount
of νµ → νe is still allowed. The CHOOZ reactor experiment measures ν¯e
survival, and is sensitive to oscillations between ν¯e and ν¯µ for δm
2
atm >
10−3 eV2. The combined data from atmospheric experiments and CHOOZ
favor sin θ13 = 0 (i.e., pure νµ → ντ oscillations in the atmosphere) and
suggest that sin θ13 < 0.3 [24].
The solar data also allow solar neutrinos to mix maximally, or nearly max-
imally. If we require both atmospheric and solar oscillations to be maximal,
there is a unique three-neutrino solution to the neutrino mixing matrix [29].
This “bimaximal” mixing corresponds to θ13 = 0 and |θ12| = |θ23| = π/4,
and is a special case of the decoupled solution for atmospheric and solar neu-
trinos. One interesting aspect of the bimaximal solution is that the solar νe
oscillations are 50% into νµ and 50% into ντ , although the flavor content of
the νe oscillation is not observable in solar experiments. Further properties
of the bimaximal and nearly bimaximal solutions and models that give rise
to such solutions are discussed in Ref. [29].
3.2 Four neutrinos
As discussed earlier, four neutrinos are necessary to completely describe the
atmospheric, solar and LSND results. A fourth light neutrino must be sterile
since it is not observed in Z decays [30]. There must be three separate mass–
squared scales which must satisfy the hierarchy δm2sun ≪ δm2atm ≪ δm2LSND.
In the three–neutrino case the relation δm2sun ≪ δm2atm leads to only one fun-
damental type of mass structure, in which one heavier mass is separated from
two lighter, nearly degenerate states (or vice versa). In the four–neutrino case,
however, there are two distinct types of mass structures: one heavier mass
separated from three lighter, nearly degenerate states, or vice versa (which
we will refer to as the 1 + 3 spectrum), or two nearly degenerate mass pairs
separated from each other (the 2 + 2 spectrum). In each case, the largest
separation scale is determined by the LSND scale. It can be shown [31,32]
that only the 2 + 2 spectrum is completely consistent with the positive os-
cillation signals in the solar, atmospheric and LSND experiments, and the
negative results from the BUGEY reactor [33] and CDHS accelerator [34]
experiments. Therefore our discussions below assume the 2+2 case, which is
illustrated in Fig. 2. Here we will assume that the mass splitting of the heav-
ier pair drives the atmospheric oscillations, the mass splitting of the lighter
pair drives the solar oscillations, and the separation of the mass pairs drives
the LSND oscillations. Sterile neutrinos are also of interest in explaining r-
process nucleosynthesis via supernova explosions (see e.g. Ref. [22]).
δm2LSND
δm2SOL
δm2ATMm2
m3
m1
m0
Fig. 2. Required mass pattern of two separated pairs to account for the LSND,
atmospheric, and solar data; the locations of δm2ATM and δm
2
SUN may be inter-
changed.
The vacuum neutrino flavor oscillation probabilities, for an initially pro-
duced να to a finally detected νβ , can be written [26]
P (να → νβ) = δαβ−
∑
j<k
[
4 Re(W jkαβ) sin
2∆kj − 2 Im(W jkαβ) sin 2∆kj
]
, (25)
where
W jkαβ = UαjU
∗
αkU
∗
βjUβk , (26)
and ∆kj ≡ 1.27δm2kjL/E. We assume that there are four mass eigenstates
m0,m1,m2,m3,m4, which are most closely associated with the flavor states
νs, νe, νµ, and ντ , respectively. The solar oscillations are driven by δm
2
01,
the atmospheric oscillations by δm232, and the LSND oscillations by δm
2
02 ≃
δm203 ≃ δm212 ≃ δm213. Hence, the solar oscillations are primarily νe → νs and
the atmospheric oscillations are primarily νµ → ντ . For oscillations of solar
νe to sterile neutrinos, the solar data disfavors large mixing; hence the most
likely solar solution is MSW small mixing. It is also possible to reverse the
roles of νs and ντ ; however, current data disfavor oscillations of atmospheric
νµ to sterile neutrinos [6].
The 4× 4 mixing matrix U may be parametrized by 6 mixing angles (θ01,
θ02, θ03, θ12, θ13, θ23) and 6 phases (δ01, δ02, δ03, δ12, δ13, δ23); only three
of the phases are observable in neutrino oscillations. A complete analysis of
the four-neutrino mixing matrix is quite complicated. However, the smallness
of the mixing indicated by the LSND results suggests that νe does not mix
strongly with the two heavier states, i.e., that θ12 and θ13 are small. Similarly,
one can assume that the other light state does not mix strongly with the
heavier states, i.e., θ02 and θ03 are also small. This situation occurs naturally
in the explicit four-neutrino models in the literature. Then after dropping
terms second order in small mixing angles, U takes the form [26]
U =


c01 s
∗
01 s
∗
02 s
∗
03
−s01 c01 s∗12 s∗13
−c01(s∗23s03 + c23s02) −s∗01(s∗23s03 + c23s02) c23 s∗23
+s01(s
∗
23s13 + c23s12) −c01(s∗23s13 + c23s12)
c01(s23s02 − c23s03) s∗01(s23s02c23s03) −s23 c23
−s01(s23s12 − c23s13) +c01(s23s12 − c23s13)


, (27)
where cjk ≡ cos θjk and sjk ≡ sin θjkeiδjk. We see that under these conditions,
U has approximately block diagonal form. The mixing of solar neutrinos is
due to θ01 and the mixing of atmospheric neutrinos is due to θ23; the values for
these mixing angles are essentially given by the two-neutrino fits in Sec. 2.
Both vacuum and MSW solar oscillation solutions are allowed; for MSW
oscillations to occur in the sun requires m0 > m1. The mixing that drives
the LSND oscillations is due to θ12 and θ13; the effective amplitude of the
νµ → νe oscillations in LSND is
sin2 2θLSND ≃ 4|s12c23 + s13s∗23|2 . (28)
The assumption that θ02 and θ03 are small is not required by current data.
However, most explicit models have the approximate form given by Eq. (27);
see Sec. 4.2. If in fact θ02 and θ03 are not small, νe oscillations to the flavor
associated with the other light state (νs or ντ ) are possible at the LSND L/E
scale with an amplitude of the same order as the LSND oscillation amplitude.
4 Consequences for Masses and Mixings
4.1 Three-neutrino models
The atmospheric and solar data put restrictions on the neutrino mixing an-
gles and mass-squared differences, but do not at all constrain the absolute
neutrino mass scale, which must be determined by other methods. The free-
dom to choose the mass scale allows a wide variety of possible mass matrix
structures, even for the same mass-squared differences and mixing.
The matrix U that relates neutrino flavor eigenstates to neutrino mass
eigenstates depends in general on mixing in both the neutrino and charged
lepton sector. If Uℓ diagonalizes the charged lepton mass matrix and Uν the
neutrino mass matrix, then U = U †ℓUν . Except where stated otherwise, in
our discussions here we will work in the basis where the charged lepton mass
matrix is diagonal, so that U = Uν . In general, the neutrino mass matrix
in the flavor basis can then be written Mαβ =
∑
j UαjmjUβj for Majorana
neutrinos or Mαβ =
∑
j UαjmjU
∗
βj for Dirac neutrinos (these are the same if
CP is conserved, i.e., when U is real).
As an example of the different mass matrix structures that are possible,
we consider the case when at least one of the masses is much smaller than
the largest mass. Then there is one type of mass matrix of the form M =
M0 +O(δm
2
jk) (up to trivial sign changes) that can lead to maximal mixing
of atmospheric neutrinos:
M0 =
m
2

0 0 00 a b
0 b a

 , (29)
where a, b ∼ 1. If a = b, then there is only one large mass (m1,m2 ≪ m3 ≡ m)
and the form of Eq. (29) automatically fixes θ23 ≃ π/4 and θ13 ≃ 0; the
O(δm2jk) terms determine θ12. Bimaximal mixing (θ12 ≃ π/4) is obtained if
the leading O(δm2jk) terms have the form
∆M = ǫ

 0 −1 1−1 0 0
1 0 0

 , (30)
where ǫ ≪ m; subleading O(δm2jk) terms are then needed to split m1 and
m2. If a 6= b in Eq. (29), then there are two large masses with θ23 ≃ π/4 and
θ13 ≃ 0. Small θ12, appropriate for the small-angle MSW solar solution, is
achieved if the leading O(δm2jk) terms then have the form
∆M = ǫ

0 1 11 0 0
1 0 0

 ; (31)
see Ref. [35] for an example of a GUT model that has this form.
In the situation where all masses are approximately degenerate, m ≡
|m1| ≃ |m2| ≃ |m3| ≫ δm2jk, there are three different types of mass matrices
of the form M =M0 +O(δm
2
jk) (up to trivial changes in sign) that can lead
to bimaximal mixing, depending on the relative signs of the mj :
M0 = m


0 − 1√
2
1√
2
− 1√
2
1
2
1
2
1√
2
1
2
1
2

 , or m

1 0 00 0 1
0 1 0

 , or m

1 0 00 1 0
0 0 1

 . (32)
The requirement from neutrinoless double beta decay that the νeνe element
of the neutrino mass matrix be small (described below) implies that only
the first case is allowed for Majorana neutrinos. The form of M0 gives three
degenerate neutrinos of mass m and fixes two combinations of mixing angles
(c13s12 ≃ −1/
√
2 and c23c12 − s13s23s12 ≃ 1/2), while the remaining degree
of freedom among the mixing angles and the neutrino mass splittings are
determined by the O(δm2jk) terms. If the leading O(δm
2
jk) terms are propor-
tional to the mass matrix in Eq. (29) with a = b, m3 is split from m1 and
m2, θ13 ≃ 0 and bimaximal mixing is obtained. Subleading O(δm2jk) terms
then provide the splitting between m1 and m2.
A different mixing scheme occurs if the neutrino mass matrix is approxi-
mately proportional to unity and the charged lepton mass matrix is close to
the so-called democratic form [36]
Mℓ =
mℓ
3

1 1 11 1 1
1 1 1

 ; (33)
then there is one large eigenvalue mℓ ≃ mτ and two constraints on the
flavor mixing angles, c13c23 ≃ 1/
√
3 and s23s12 − s13c23c12 ≃ 1/
√
3. If a
small perturbation is added to the lower right element of Mℓ, the muon gets
mass and θ13 is constrained to be approximately zero; then there is maximal
mixing in the solar sector (sin2 2θ12 = 1) and nearly maximal mixing in the
atmospheric sector (sin2 2θ23 = 8/9) [36]. Additional perturbations to the
diagonal elements of the charged lepton and neutrino mass matrices are then
needed to give the electron-muon and neutrino mass splittings, respectively.
An SO(10) SUSY GUT model with a minimal Higgs sector can provide
large νµ–ντ mixing for atmospheric neutrinos, and can accommodate either
small or large mixing of solar neutrinos [37]. Other possible neutrino mass
matrix textures are discussed in Refs. [38], [39] and [40].
Although neutrino oscillations are not sensitive to the overall neutrino
mass scale, there are other processes that do depend on absolute masses. For
example, studies of the tritium beta decay spectrum put an upper limit on
the effective mass of the electron neutrino
mνe ≡
∑
j
|Uej |2mj , (34)
of about 2.5 eV [41]; in a three-neutrino model this implies an upper limit of
2.5 eV on the heaviest neutrino [42].
The current limit on the magnitude of the νe–νe element of the neutrino
mass matrix for Majorana neutrinos from neutrinoless double beta (0νββ)
decay [43] is of order 0.5 eV [44], taking into account the imprecise knowledge
of the nuclear matrix element and the sensitivity of a background fluctuation
analysis[45]. For the three-neutrino model this implies
|Mνeνe | = |
∑
j
UejmjUej | (35)
= |(c13c12)2m1 + (c13s12)2m2eiφ2 + s213m3eiφ3 | ≤Mmax = 0.2 eV ,
where φ2 and φ3 are extra phases present for Majorana neutrinos that are not
observable in neutrino oscillations. For models with one large massm1,m2 ≪
m3 ≃
√
δm2atm ≃ 0.05 eV, and Eq. (36) does not provide any additional con-
straint. However, if all three masses are nearly degenerate (m1 ≃ m2 ≃ m3 ≡
m), the 0νββ decay limit becomes s212 ≥ [1−2s213−(Mmax/m)]/(2c213), which
in turn implies that the solar νe → νe oscillation amplitude (see Eq. (24))
has the constraint [46]
4c413s
2
12c
2
12 ≥ 1−
(
Mmax
m
)2
− 2s213
(
1 +
Mmax
m
)
. (36)
For any value ofm > Mmax/(1−2s213) there will be a lower limit on the size of
the solar νe → νe oscillation amplitude; for example, given the current limit
on s13, the small-angle MSW solar solution is ruled out for nearly degenerate
Majorana neutrinos if m > 0.25 eV [46]. Large-angle MSW and vacuum solar
solutions, which have large mixing, are still allowed; any solar solution with
maximal mixing can never be excluded by this bound.
Neutrino mass also provides an ideal hot dark matter component [47];
the contribution of neutrinos to the mass density of the universe is given by
Ων =
∑
mν/(h
293 eV), where h is the Hubble expansion parameter in units
of 100 km/s/Mpc[48]. For h = 0.65, the model with three nearly degenerate
neutrinos has Ων ≃ 0.075(m/eV). In three-neutrino models with hierarchical
masses, in which the largest mass is of order
√
δm2atm, Ων is much smaller, on
the order of 0.001. Future measurements of the hot dark matter component
may be sensitive to
∑
mν down to 0.4 eV [49].
4.2 Four-neutrino models
As described in Sec. 3.2, four-neutrino models must have the 2 + 2 mass
structure, i.e., two nearly-degenerate pairs separated from each other by the
LSND scale. One possible class of mass matrices that can give this situation
is
M = m


ǫ1 ǫ2 0 0
ǫ2 0 0 ǫ3
0 0 ǫ4 1
0 ǫ3 1 ǫ5

 , (37)
presented in the (νs, νe, νµ, ντ ) basis (i.e., the basis in which the charged
lepton mass matrix is diagonal).
When ǫ5 = ǫ4, the mass matrix in Eq. (37) can accommodate any of
the three solar solutions, depending on the hierarchy of the mass matrix
elements [32]
SAM : ǫ2 ≪ ǫ1, ǫ4 ≪ ǫ3 ≪ 1 , (38)
LAM : ǫ1, ǫ2, ǫ4 ≪ ǫ3 ≪ 1 , (39)
VO : ǫ1 ≪ ǫ2 ≪ ǫ4 ≪ ǫ3 ≪ 1 . (40)
In each case, the mass eigenvalues have the hierarchy m1 < m0 ≪ m2,m3, as
required for the MSW solution. The mass matrix contains five parameters,
just enough to incorporate the required three mass-squared differences and
the oscillation amplitudes for the solar and LSND neutrinos. The large am-
plitude for atmospheric oscillations does not require an additional parameter,
since the mass matrix naturally gives nearly-maximal mixing of νµ with ντ .
For the VO case, ǫ1 does not contribute to the phenomenology and can be
set to zero, so that there are only four parameters; the large amplitude for
solar oscillations also occurs naturally in this case [32,50].
Another variant with five parameters is ǫ5 = −ǫ4 and ǫ2 ≪ ǫ1 ≪ ǫ3 ≪
ǫ4 ∼ 1 [51]. In this case, ǫ3 determines both the amplitude of the LSND
oscillations and causes the splitting between m2 and m3 that drives the
atmospheric oscillations. Two testable consequences of this model are that
δm2atm ≤ 1.3× 10−3 eV2 and that there should be observable νe → ντ oscil-
lations in short-baseline experiments.
For both of the previous cases (ǫ5 = ǫ4 ≪ 1 and−ǫ5 = ǫ4 ∼ 1), the heavier
mass pair is much heavier than the lighter mass pair, i.e.,m1 < m0 ≪ m2,m3.
Yet another possibility is to have ǫ1 = ǫ5 = 0 and ǫ3, ǫ4 ≪ ǫ2 < 1, where ǫ2
is not small compared to unity [50]. In this case, the two degenerate pairs of
masses have mass eigenvalues that are the same order of magnitude; there are
only four parameters as both the solar and atmospheric mixings are naturally
close to maximal. However, the m0–m1 splitting in this model can give only
MSW solar oscillations, which for large mixing are disfavored when νe → νs.
Other four-neutrino mass matrix ansatzes have been presented in the lit-
erature [52], but they generally have characteristics similar to those discussed
here. In all of the explicit four-neutrino models discussed above, since the νe–
νe element of the neutrino mass matrix vanishes, there is no contribution to
neutrinoless double beta decay. However, because m3 and m4 are always of
order 1 eV or more (to provide the necessary mass-squared splitting for LSND
oscillations), these models always contribute to the hot dark matter in the
universe[53].
5 Long-baseline experiments
Long-baseline experiments (with L/Eν ∼ 102–103 km/GeV) are expected
to confirm the νµ → νµ disappearance oscillations at the δm2atm scale. The
K2K experiment[54] from KEK to SuperK, with a baseline of L ≃ 250 km
and a mean neutrino energy of 〈Eν〉 ∼ 1.4 GeV is underway. The MINOS
experiment from Fermilab to Soudan[55], with a longer baseline L ≃ 730 km
and higher mean energies 〈Eν〉 = 3, 6 or 12 GeV, is under construction and
the ICANOE[56] and OPERA[57] experiments, with similar baselines from
CERN to Gran Sasso, have been approved. These experiments with dominant
νµ and ν¯µ beams will securely establish the oscillation phenomena and may
measure δm2atm to a precision of order 10%[58]. They will also measure the
dominant oscillation amplitude sin2 2θ23.
Further tests of the neutrino parameters will likely require higher intensity
neutrino beams, and νe, ν¯e beams as well as νµ, ν¯µ, such as those generated
in a neutrino factory [27,59,60,61]. The νe, ν¯e components of the beam allow
one to search for νe → νµ and ν¯e → ν¯µ appearance, which will occur in
the leading δm2atm oscillation if sin
2 2θ13 6= 0. Depending on the machine
parameters, δm2atm and sin
2 2θ23 can be measured to an accuracy of 1–2%,
and sin2 2θ13 can be tested down to 0.01 or below [61]. If the baseline is
long enough (L >∼ 1000 km), matter effects in the Earth will also play an
important role in an appearance experiment: for δm2atm > 0 (δm
2
atm < 0),
νe → νµ oscillations are enhanced (suppressed) and ν¯e → ν¯µ oscillations
are suppressed (enhanced). Therefore by comparing νe → νµ with ν¯e →
ν¯µ oscillations it may be possible to determine the sign of δm
2
atm [61]. The
enhancement due to matter of either νe → νµ or ν¯e → ν¯µ may also improve
the sin2 2θ13 sensitivity for appropriate choices of L and Eν [61]. In a four-
neutrino model, both short-baseline experiments with L/Eν ∼ 1 km/GeV
(which probe δm2
LSND
) and long-baseline experiments will be required to
obtain maximal information on the neutrino mixing parameters [26].
CP -violating effects due to the phase δ only become appreciable at the
subleading δm2 scale, and only then if the mixing angles are large enough [62].
In a three-neutrino model with δm2sun and δm
2
atm, CP violation will be observ-
able only for the large-angle MSW solar solution; a long-baseline experiment
with a high-intensity neutrino beam from a neutrino factory may be able to
give information on δ in this case [63]. In a four-neutrino model, potentially
large CP -violating effects are possible at the δm2atm scale [26,64].
6 Summary and outlook
In a three-neutrino world, it may be possible to completely determine the
neutrino mixing matrix and two independent mass-squared differences using
existing and planned neutrino oscillation experiments. Future measurements
of solar neutrinos should pin down the neutrino mass and mixing parameters
δm221 and sin
2 2θ12 that are predominantly responsible for the solar neutrino
deficit. Long-baseline experiments can provide a more precise determination
of δm232 and sin
2 2θ23, which drive the atmospheric neutrino anomaly, measure
the size of sin2 2θ13, and determine the sign of δm
2
32. If the solar solution is
large-angle MSW, long-baseline experiments may also be sensitive to the
CP -violating phase δ. Future measurements of beta decay spectra, double-
beta decay and hot dark matter may then help determine the last remaining
neutrino mass parameter, the absolute neutrino mass scale.
In a four-neutrino world, there are three additional mixing angles and
three additional CP phases. Since the extra neutrino is sterile, it may be
difficult to determine some of the additional mixing angles, especially if they
are small, as is the case in many existing models. Short baseline experiments
that probe the δm2
LSND
oscillation will be helpful in making sense of the
larger parameter space. Furthermore, in four-neutrino models CP violation
may become observable at the δm2atm scale (rather than the δm
2
sun scale, as
is the case in three-neutrino models), and there will be a contribution to hot
dark matter on the order of
∑
mν ∼ 1 eV.
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